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INTRODUCTION 
We consider a set of n points P,, P,, P3, . . . , P,, and n segments 
p,p,,pap,,..., P,_ 1 P,, and P,, P, in a Euclidean space. Henceworth we 
shall use integers modulo n as a set of indices, so P, = P,, , P, = P, + I, and so 
on. We call the polygon P, P2 P3 a.- P,, regular if for all k the length of the 
segments Pi P, + k is independent of i. We denote 
We remark that D, = 0, D, = Dn_k for all k and D, equals the square of 
the length of the sides of the regular polygon. 
For the sake of a convenient terminology, we sometimes make no 
distinction between diagonals and sides, and we also will call the sides 
“diagonals.” If the polygon is regular, the polygons 
‘kpk+lpk+2 **’ Pk+n-2Pk+npl 
are all congruent. 
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THEOREM 1. Th e points of a regular polygon lie on a sphere, the center 
of which is centroid or the center of gravity of the n points. 
The proof can be given by a straightforward calculation. 
As a direct corollary of Theorem 1 we find the well known fact that plane 
regular polygons can be described in the complex plane using the center as 
zero point. The points of the polygon are then given by complex roots of 
unity. 
The four edges AB, BC, CD, and, DA of a regular three-dimensional 
tetrahedron ABCD form a regular quadrangle; the diagonals AC and BD 
have, in this case, the same length as the sides. If in an arbitrary three- 
dimensional tetrahedron ABCD we have AB = BC = CD = DA and 
AC = BD, the quadrangle ABCD is regular. 
We remark that a sufficient and necessary condition for a regular quad- 
rangle to exist is D, Q 2 D,; if D, = 2 D,, we have a two-dimensional 
polygon-the square. 
Let EFGH 
( 1 ABCD 
be a three-dimensional cube. The polygon ABCGHE is a 
regular hexagon. We remark that there are two kinds of diagonals: 
AC=BG=CH=GE=HA=EB, D, = 2D,, 
and 
AG=BH=CE, D, = 30,. 
One may ask for which ratios a : b : c such a polygon exists with 
D, = a, D, =b, D, = c. 
In due course we shall prove the well known fact that every regular 
pentagon in three-dimensional space is flat. In four-dimensional space there 
exists nonflat regular pentagons. If ABCDE is a regular simplex in the 
four-dimensional space, the polygon ABCDE is regular. Let ABCDE be a 
simplex in the four-dimensional space with AB = BC = CD = DE = EA = 
a and AC = BD = CE = DA = EB = b. Then ABCDE is a regular pen- 
tagon. One may ask for which values of the ratio a : b such a pentagon exists. 
All this is well known, and I am very grateful to a referee, who gave the 
necessary references, viz. [I]-[3]. In the following we will give a uniform 
approach to the construction of regular polygons in spaces of arbitrary 
dimension. For instance, we prove once more that regular polygons with an 
odd number of vertices span only even dimensional spaces (viz. [2]>. 
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2. THE GENERAL CASE 
We start with n vectors x1, x2, x3,. . . , I, of equal length in a Euclidean 
space of dimension n. Once more we use indices modulo n. 
Let G be the Gram matrix 
((‘i> "j))> 1 <i < n; 1 -<j <n. 
The rank of this matrix equals the dimension of the space spanned by the 
vectors x1, x2, r3, . . . , x,. We now choose these such that x1 + x2 
+x, + *a* +x, = 0. We define Pk to be the endpoint of the vector x1 + x2 
+x, + *** +x,. The points P, P, P, **a P,, form a polygon. The dimension of 
the space spanned by the vectors xl, x2, x3,. . . , x, is called the dimension of 
the polygon. 
Let P, Pz P, *a* P, be a regular polygon. From the definition of a regular 
polygon it can be seen easily that (x,, xt+ k) is independent of t. We define 
Pk = (Xt7 Xt+k) 
and once more we use indices modulo n. 
The matrix G is special: 
(#) 
I PO Pl Pz *** Pn-2 Pn-1 Pn-1 PO Pl *** Pn-3 Pn-2 
: : . . 
I Pz P3 P4 *** PO Pl Pl p2 p3 *** Pn-I PO 
This is a circulant matrix, the eigenvalues of which are 
n-l 
A, = c Ektpt, k = 0, 1,2 **a n - 1, E = e 
t=o 
27ri 
-. 
n 1 
We remark that 
A, = 0. 
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Furthermore, we have 
Pk = cxl> xk+l) = txn-k+l> ‘1) = Pa-k* 
Thus, 
h, = A,_,. 
We see that in the case of an odd n, we have one eigenvalue A, = 0 and 
i(n - 1) d ou e ei bl g envalues. In the case of an even n = 2m, we have one 
eigenvalue A, = 0, one eigenvalue 
n-1 
L = c (-VP,> 
t=o 
and $(n - 2) = m - 1 double eigenvalues. Sometimes we shall, in the case 
of an even n, denote A,, = p. We thus proved the following theorem: 
THEOREM 2. If a regular (2m + I)-gon has s pairs of equal nonvanish- 
ing eigenvalues, the dimension of the polygon equals 2s. If a regular 
(2m + 2)-gon has s pairs of equal nonvanishing eigenvalues and one eigen- 
value p f 0, the dimension of the polygon equab 2s + 1; if p = 0, the 
dimension is 2s. 
COROLLARY. The dimension of a regular (2n + l)-polygon is even. 
We denote rr/n = 4. We now give some linear relations between the 
numbers pk, hk, and I&: 
,,k = ; ;c; E-kth,, k = 0, 1,2 ... n - 1, 
D, = kpo + 2 i (k - P)P,> k = 0, 1,2 ... n - 1, 
p=l 
2p, = Dk-l - 20, + Dk+l> k = 0,1,2-e- n - 1, 
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h 
” 
k = 0,1,2 .a. n - 1, 
n-1 
h, = -2sin2k4 c D,cos2kt4, k = 0,1,2... n - 1. 
t=1 
THEOREM 3. Let D,, D,, D, ... Dnpl be nonnegative numbers such 
that D,, _ k = D, and let 
Nk = N,,_k = c Dtcos2kt4 < 0, k = 1,2... n - 1. 
t=1 
Then there exists a regular n-gon P, P1 P, 1.’ P,, with diagonals Pi Pi+t with 
If’iPi+tI’ = Dt, t = 1,2,3... n - 1. 
The dimension of the polygon equals the number of nonvanishing 
numbeKy Nk. 
REMARK. A regular 2m-gon has an even dimension if N,,, = 0 and an 
odd dimension if N, # 0. 
Proof. Let us define for convenience D,, = D, = 0, Dp 1 = D, 
(n = 2m). Let 
pk = +(D,_, -20, +D,+, )7 k = 0, 1,2 *.. n - 1. 
Define G as in formula (#I. 
Since G is a symmetric matrix with nonnegative eigenvalues, there exists a 
matrix X such that X’X = G. The columns of the matrix X are the 
coordinates of the vectors x1, x2 ,**o, x, such that the points Pk = x1 + 
xq + 1.. +x, are the vertices of a regular n-gon. An analogous construction 
can be given starting with given nonnegative eigenvalues A,. w 
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3. EXAMPLES 
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We now discuss some geometrical details of regular polygons. 
Quadrangles 
We fix nonnegative numbers D, and D,; D, = D,. Then 
N, = Ns = -D,, 
N, = -20, t D,. 
We now have the conditions D, 3 0 and D, < 20,: 
D, = 0 gives a fourfold segment, 
D, = 2 D, gives the square. 
In other cases the quadrangle is three dimensional. 
Pentagons 
We fix nonnegative 
N, = N4 
N, = N3 
numbers D, and D,; D, = D, and D4 = D,. Then 
= 2 D, cos(2~/5) + 2 D, cos(4~/5), 
= 2 D, cos(47r/5) + 2 D, cos(21r/5) 
In this case, the conditions are given be the inequalities 
2 cos( 2~/5) < 
a 
- d 2 cos( r/5). 
m 
The pentagon is four dimensional unless 
D, cos(4~/5) + D, cos(2~/5) = 0 (the plane regular pentagon) 
or 
D, cos(2~/5) + D, cos(4~/5) = 0 (the plane regular pentagram). 
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FIG. 1. 
Hexagons 
We fK nonnegative numbers D,, D,, and D,; D4 = D,, D5 = D,. Then 
N,=N5=Dl-D2-D3, 
N, = N4 = -D, - D, + D,, 
N3 = -20, + 20, - D,. 
Introducing triangular coordinates (a, b, c) = (Dl, D,, 0,) we find that the 
points in the interior of the triangle ABC correspond to regular hexagons of 
dimension 5; see Figure 1. A = (1, 0,l) corresponds to a threefold line 
segment, B = (1, 1,O) corresponds to a double triangle, and C = (1,3,4) 
corresponds to a plane regular hexagon. 
The points on the intervals AB and AC correspond to three-dimensional 
regular hexagons and the points on the interval BC correspond to four- 
dimensional hexagons. The case of regular heptagons, octagons, and so on can 
be dealt with in the same way. A description of all regular three-dimensional 
polygons can be found in [4, Chapter 11. 
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